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Abstract 

In this paper, we introduce a way to generalize the Euler's gamma function as well 
as some related special functions. With a given polynomial in one variable f{t) > , 
we can associate a function, so-called "gamma function associated with /", defined by 
Tf{s) := f'^~^e~*dt. This function has many features similar to the Euler's gamma 
function. We also present some initial results on the gamma-type functional equation for 
Tf{s) in some special cases. 
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1. Introduction 

The Euler's gamma function is one of the most important special functions, because of its 
role in various fields. The generalization of this famous function has attracted much attention 
from many mathematicians and physicists. There are some remarkable achievements. 

Barnes has introduced the multiple gamma function by generalizing the representation 
formula for Hurwitz's zeta function [H [2]. Post has given another direction to generalize 
the gamma function via its limit representation [8]. The Vigneras' multiple gamma function 
has been found by virtue of the Bohr-Morellup theorem [11]. Diaz and Pariguan f5] in 
2007 introduced the notion of /c— gamma function by generalizing Pochhammer's symbol. 
Recently M.Mansour [7] showed that the fc— gamma function can be characterized as the 
unique solution of a system of functional equations. 

Our approach is slightly different from those of the above authors, which is motivated by a 
question on the existence of a functional equation verified by the gamma function associated 
with a polynomial. For a given polynomial f{t), which is always assumed to be positive when 
t > 0, we define 

;>oo 

r/(^) := / fity-'e-'dt . (1) 
Jo 

The right-hand side of ([U is a holomorphic function in the half of complex plane > 1 — -^, 
where k is the multiplicity of / at f = 0. When f{t) = t, ^f{s) is nothing but the Euler's 
gamma function T{s). It is well-known that r(s) satisfies the following functional equation 

T{s + l) = sT{s) . (2) 
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A natural questior|3 is that if the gamma function associated ^f{s) verifies some kind of 
functional equation, type of ([2]). More concretely, it is expected that there exists a polynomial 
B{s) such that the following is true 

Tf{s + l) = B{s)Tf{s) . (3) 

In general, B{s) should be depend on / and is conjectured to be the Bernstein-Sato polynomial 
of /. In section 2, we give a positive answer for this question in a very special case where 
/ is a monomial. There we also present some interesting properties of Tf{s), in comparison 
with those in [1]. Section 3 is devoted to define zeta and beta functions associated with /. 
We give a counter-example for the conjecture in the last section. 

2. The gamma function associated with f(t) = 

As usual, a power of complex variable is defined by := e^^^^, where Int is the principal 
value of the logarithm. 



Definition 1. 



/•OO -1 

r,fc(s) := / t^^'-^^e-^dt , Res>l-- . 
Jo k 



From the above definition, it follows that 
Corollary 1.1. 

(i) r,.(i) = i, 

(ii) Ttis) = T{s), 

(iii) r,,is)=T[k{s-l) + l]. 

Bernstein-Sato polynomials 

Let K be a field of characteristic zero and s be a parameter. We recall here the so-called the 
Bernstein-Sato polynomial (see [6], p. 235) 

Theorem 2. Let f G K[xi, ■ ■ ■ ,Xn] be a non zero polynomial. There is a polynomial B{s) G 

d 

K[s] and a differential operator P{x, 'q~j^) ^ ^nl-^ji*] such that 

P{x,^,s)f=B{s)r-' . (4) 

The set of polynomials B{s) veryfying the equation Q is clearly an ideal of K[s], which is 
a principal ideal. The Bernstein-Sato polynomial of / is by definition the monic generator of 
this ideal. Let us denote it by 6/(s) or simply b{s). 



^Which is posed to us by Prof. Le Dung Trang. 
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Example 3. We consider a simple example with f{t) = t^, A: G N, A; > 0. Then 

dV ^ 
Assume that -^j^f^ = Cm.{s)t^~'^ f^~^ . Hence 

jm+l 

= Crr,{s)(^{k-m) + {s-l)ky''-"'-^f'-^ 

Therefore 

Cm+i{s) = C.m{s){ks - m) . (5) 

The formula ([5]) gives 

Ci{s) = ks 

C2{s) = ks{ks - 1) 



Ck{s) = ks{ks - l){ks -2)---{ks-{k- 1)) . 



Therefore, 



p{t,i,s){tr=Bis){tr-' 



where P(t,|,.)=|^ and 



Bis) := ks{ks - l){ks -2)---{ks-{k- 1)) . 

As a consequence, the corresponding Bernstein-Sato polynomial is 6(s) = s{s — l/k){s — 
2/k)---{s-{k-l)/k) 

2.1. The properties of r^fe 
Proposition 4. 

TAs + l)=B{s)TAs) . (6) 
Proof. Let C be Laplace transform which is defined by 

C{f{t)-a}:= f{t)e-''*dt , Rea > . 
Jo 

Then 

By [3], p. 144 we have 

a} =a"£{/(t); a}- a'^-VW-a^-V'W af^^-^\o)-f^^-'\o) . (7) 

For f{t) = t^^, we have 

f'^'\t) = ^yy = B{s){t^y-' . (8) 
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From d?!) and we have 

/ t^^e~^dt = / B{s)it^Y-^e-^dt = Bis) / {t''y-^e~^dt . 
Jo Jo Jo 

It follows (0) is true. □ 
Remark 5. The functional equation ^ can be put in the form 

Bis) 

By itering this process, we obtain 

Tjfc (s + n) 



T^k{s) 



B{s) ■ ■ ■ B{s + (n - 1)) 



Corollary 5.1. The T^k{s) admits an analytic continuation as a meromorphic function with 
poles on the set : 

{s + k \ s eC,k en, B{s + k) = 0}. 

Proposition 6. 



rjfc(s) = lim 



n^oo [k{s - 1) + l][k{s - 1) + 2] • • • [k{s - 1) + (n + 1)] 
Proof. We have 

TAs)= r i'^'''^^~'dt= lim rt'=(-i)fl-irdt . 
By setting r = ^, it follows that 



By integration by parts, we have 



^ ^ k{s-l) + l o+fc(s-l) + l7o ^ ^ 

[A:(5-l) + l][M^-l) + 2]yo ^ ^ 



f\k{s-l)+n, 

■k{s-l) + 2]---[k{s-l) + n]Jo 



[k{s - 1) + - 1) + 2] • • • [k{s - 1) + n] 

_ 1.2---(n-l)n 

~ [k{s - 1) + l][A:(s - 1) + 2] • • • [A:(s - 1) + (n + 1)] ' 

So 

^ ' ^ - 1) + l][k{s - 1) + 2] • • • [k{s - 1) + (n + 1)] ■ 
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and 



Tfk(s) = lim n(s, n) . 



Proposition 7. 

1 



^ ' n=l 

where 7 = lim^^oo (l + 1 "I ^ ^ - logn^ . 

Proof. We have 



n(s,n) 



\k{s - 1) + 1][1 + M£^][i + M£^] . . . [1 + M£^] 

~ \k{s - 1) + 1][1 + + . . . [1 + M£_l)±i] 

Set7„ = (l + ^ + --- + ^-Zo5n), 

g-7„[fc(--i)+i] " e^^^^^ 
" A:(s-1) + 1 ii 1 , MfzlHi 

It follows that 

g-7[fe(«-i)+i] ^ e^^"^ 

rjfe(s) = lim n(s,n' 



n4^(i>"^"' '"^ fcfs - 1) + 1 n , ■ 

n=l ^ n 

This completes the proof. □ 
Proposition 8. 

Proof. We have 

r^fc (s) = / t'^^'-^^e-^dt = T[k{s - 1) + 1] and T^k (1 - s) = r(l - ks). 
Jo 



□ 



1) + l]e-W-iHil n (1 + Mizi)±l)e-^ , (9) 



TT 



On the other hand, we have the well-known functional equation r(s)r(l — s) = . , . , 

sm(7rs) 

therefore 

r(fcs)r(i - ks) ^ 



sin[7r(A;s)] 
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But 

r[A:(s-l) + 2] _ r[fe(s-l) + 3] 



r,.{s) = T[k{s-i) + i] 



[k{s - 1) + 1] [k{s - 1) + 1] [k{s - 1) + 2] 
r[k{s-l) + k] 



[k{s - 1) + l][k{s - 1) + 2] • • • [k{s -l) + {k- 1)] 



So 



1=1 



r,(.)r,.(i - ,) = r(Mr(i - ,,(,_\) = -p^jH ^(7^ 



(vrfcs) — 1) + i 

This completes the proof. □ 

Remark 9. Throught the above results, we can conclude that the gamma function associated 
to f{t) = has almost properties similar to the Euler's gamma function. In particular, the 
functional equation ([3]) is true in this case. 

2.2. Asymptotic expansion of F^fc 

We recall here a classical result on asymptotic expansion which can be found in [5]. 

Theorem 10. Assume that f : (a, b) — > M, with a, b G [0, +oo) attains a global minimum 
at a unique point c G (a, b), such that f (c) > 0. Then one has 

[\ix)e-^dx = hh-^V2^ + 0{h) . (11) 

J a yf"{c) 

The below proposition gives us the asymptotic behavior of T^k 
Proposition 11. For Res > 0, the following identity holds 

(2i)i(fa)"+i , ,1 



Proof. We have 

T^k{s + l) = / t^'e-^dt. 
Jo 

By making the change of variable t = su we have 

/■oo /• 

T^kis + 1) = s'^^+i / uj^'e-'^duj = s'^^+i / 
Jo Jo 

Let f{uj) = uj — fclogw. Clearly f {uj) = if and only \i uj = k. On the other hand 
f"{k) = k-^ > 0. From ([II]), we have 



oo roo 



e 



\sJ vApi ^sJ 55 Vs 
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Therefore 



r,fe(s + 1) = {27r)h'''+h'''+h-''' + of ^ 

By virtue of (0), we complete the proof. □ 
2.3. The relation between T^k and Tk 

The family of function Tk {k > 0) , which is called fc— gamma function, is defined by (see [1]) 



Jo 



where s G C, -Res > 0. The following proposition shows the closely relation between our 
gamma funtion T^k and this /c— gamma function. 

Proposition 12. 

rA^) = ^^r.{s) . (12) 

0[S) k 



Proof. We have 



oo 



T^k{s) = / t^^'-^h-Ut 
Jo 

By making the change of variable t = kujk. Then 



1 
Jo 



fcfc(^-i)ri(s-i + i 



By replacing s with s+1, we have 

r,fe(s + l) = fc'^Ti(s + i) . (13) 
On the other hand, by 3|, p. 183 

Tkis + k) = sTk{s) . (14) 
From Q, ^ and ([HD, it follows that 

B{s)rtk{s) = k'^'sTiis) . 

k 

This completes the proof. □ 
Proposition 13. 

. X -P /I \ s(l-ks) vr 



k J B{s)B{l-s) ■ sin(7rA;s) ' 
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Proof. By ^ij, p. 183 



Tkis)Tk{k - s) 



TT 



sm(f) • 
By replacing k with ^, we have 



It fohows from ([T2Dthat 



Then 



Ti{s) = —, and ri(- — s 



B{S) ^ , , ^ /I \ TT 



k^^s iA~ks{^_ ^ \k J sin(7r/cs) 

Bis)B{l-s) , , 



Hence, we obtain 



s{l — ks) \k J sin(7r/cs) 

This completes the proof. □ 



3. Generalized Zeta and Beta functions 

In this section we define /—Beta and /—Zeta functions associated with a polynomial /. 
For f{t) = t^, we prove that they have many properties similar to those of classical Zeta and 
Beta functions. 

The Zeta function is studied first by L. Euler (1707-1783), who considered only real values 
of s. The notion of C{s) as a function of the complex variable s is due to B. Riemann (1826 
- 1866). The Riemann zeta function is defined by 



n 

n=l 



We have the well-known functional equation 

r(s) Jo 

Hurwitz's zeta function is defined by 

oo ^ 

CH{s,a) -.= ^27 — ; — ^ ' Res>l, a ^0,-1,-2,- ■■ 
^ {n + a)^ 

n=0 

This is a generalization of the Riemann zeta function, and we also have the well-known similar 
functional equation 

CH{s,a) = -— / t'~\l - e-')-^e--'dt . 

r(s) Jo 
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The Beta function or Euler integral of the first kind is defined by 

B{p,q) ■■= [ tP^Hl - ty-^dt , Re{p) > 0, Re{q) > 0. 
Jo 

We have (see [S]) 

3.1. /—Beta and /— Zeta functions 

Let / be a polynomial, /—Beta and /—Zeta functions are defined by 
Definition 14. 

Bfip, q) := ^i^^^^f , Re{p) > 0, i?e(g) > . 
Tf{p + q) 

1 

Cf{s):=-—- r-\l-e-Y'e-'dt , Res > 1 . 
i/isj Jo 

Prom the above definition, we have the below proposition 
Proposition 15. 

POO 



n=0 ' 

Proof. Since (1 - e"*)"^ = X;^=o e""*, therefore 



n=0 n=0 



3.2. /—Beta and /—Zeta functions in case f(t) = 

Let f{t) = t^, with /c G N, A; > 0. Then t'^-Beta and t'^-Zeta are defined by 

Bt^ ip, q) = ^1'?^*'^ , Re{p) > 0, Re{q) > , 
P^fc (p + q) 



1 



oo 



^As) Jo 
From (jlSp we have the corollary 

Corollary 15.1. 

The below proposition gives a relation between function (^^fe and Riemann zeta functi( 
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Proposition 16. 

C,4s) = c[k{s-i) + i] . 

Proof. By making the change of variable w = (n + l)t in (|17p . we have 



n=0 

£ i)fc(s-i)+i 

?i=0 ^ ' 
oo ^ 

Ttfc (s) ^ ^fc(s-i)+i 

n=l 

r,fe(s).C[A:(s-l) + l 



This proves the proposition. □ 
Proposition 17. 

Btk{p,q) = — — • «/ y B{kp,kq) . 
p + q B[p)B{q) 



Proof. From and (fTUj) . we have 

Btk {p, q) 
By iZj, p. 187 



m^'^^^^W)^^^'^ _ PQ B{p + q) ri(p)ri(<z) 



{p + q)k^iP+i) p + qB{p)B[qy T .[p + 

B{p + q) fc 



So 

Btk ip,q) = -^^■^r\^r{-Biip,q) = -kBikp, kq) . 

p + qB{p)B{q) fc p + q B{p)B{q) 

The proof is complete. □ 



4. A functional equation for Tf for a quadratic polynomial 



In this section, we consider the quadratic case as a counter example for the truth of ^ Let 
f{t) = f + ht + c. Then 



dr 



s{2t + h){f + bt + c 



s{2t + h)f 



s-l 



l^r = 2sr-^ + s{s-i){2t + bfr-^ 

= 25/^-1 + s(s-l)(4t2+46t + &2)/^-2 

= 2s f'-^ + s{s - 1) [4(t2 + 46t + c) + - 4c) 

= 2s(2s - l)/^-i + (62 - 4c)s(s - l)/"-2 



ps-2 
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Therefore 



So 



d 



it' + bt + c)-^- 2s{2s - 1)] r = - Ac)sis - 



(i^ + fot + c)^ -2s(2s- 1) and S(s) = (6^ - 4c)s(s - 1). 



Consider the function 



/•oo 

Tf{s) = / {t^ + bt + cy'^e'^dt. 
Jo 



We have 







oo , ^2 -, 

[f + ht + c)-^ - 2s(2s - 1)J (t^ + 6t + cYe'^dt 







' r 



oo ^2 

(t^ + 6t + c)' -^{t^ + bt + c)e~* - 2s(2s - l)e~* 
'-dt 

CXI 



dt 



2e 



-t 



{2t + 6)e-* - (2t + 6)e-* + + bt + c)e-* - 2s(2s - 1)6" 



dt 



{t^ + bt + c)- 2{2t + b) + 2- 2s(2s - 1) 



e'^dt 



/"OO /"CO /"CXD 

= / r+^e-*(it-2(s- l)(2s + l) / fe~^dt-2 {2t + b){f + bt + cYe'^dt 
Jo Jo Jo 

/•OO 

= Tf{s + 2)- 2{s - l)(2s + l)r/(s + 1) - 2 / {2t + b){t^ + bt + cYe'^dt. 

Jo 

By integration by parts (ti = e~*, dv = {2t + b){t^ + 6t + c)'*(it), we have 



e(s)r/(s) = r/(s + 2) - 2(s - i)(2s + i)r/(s + 1)- 



(t^ + 6t + c)^+^ 



OO 1 

+ 



+ bt + cY^^e-^dt 



S + 1 JQ 

r^(s + 2) - 2(s - l){2s + l)r f{s + 1) + - j^^fis + 2). 



So we get the proposition 
Proposition 18. 

2 



(l - ^)r/(5 + 2) = B{s)Tf{s) + 2(s - l)(2s + l)Vf{s + 1) + 



(18) 



Remark 19. The functional equation (jlSp is a type of second-order difference equation and 
impossible to be reduced to that of first order as ([3]). In general, the functional equation ^ 
is not true for any polynomial. Meanwhile, we guess that for generic polynomials /(t), the 
gamma function associated f{s) must satisfy a difference equation whose order is at most 
the degree of /. 
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